"Deepest interrelationships in analysis are of an arithmetical nature". Hermann Minkowski, preface to "Diophantiche Approximationen".
Introduction
Let φ(n) be the Euler totient function, α 1 (= 1) < α 2 < · · · < α φ(n) (= α − 1) the φ(n) integers less than and prime to n = p 
Known are following formulas
The first two are trivial. The third was proved by G. Pólya 1 and G. Szegö in their book [5] .
We here prove that
and show that there is a connection between S(3, p), p prime, and Artin's conjecture for primitive roots. In conclusion, we mention, without discussing, that analogous connections exist for other conjectures resp. functions involving primes, f.ex. ζ(s).
2 Formula for S(3, n) and conjecture for S(k, n)
Theorem 1
Let {α 1 , α 2 , · · · , α φ(n) } be the Euler set of n. Then
Proof. Literally copying from [5] , (Number Theory, CH. VIII, exercise 27) we define
Inserting for m the primes p 1 , p 2 , · · · , p w in the values W (m) we have
Application of the inclusion-exclusion, as done in [5] by Pólya and Szegö for the case k = 2 gives
using the facts that
Q.E.D.
For exponents k higher than 3, above method fails because in the inclusion-exclusion summation occur sums over the primes p 1 , p 2 , · · · , p w which are not expressible in terms of n, φ(n), (−1) w and R(n), as is the case for k ≤ 3.
Adding above formula S(3, n) to the known formulas we get following list
Numerical computations results for k ≥ 4 lead us to believe that in general we have
where c 1 , c 2 , · · · , c k are constants depending linearly on k, R(n), (−1) w . If true this would give
3 Connection of S(3, p) with Artin's conjecture for primitive roots [1] , [2] , [3] , [4] Theorem 2
Denoting by C the convergent (as seen below) product
we have
Proof. In section 2 we proved that
For n equal to a prime p this becomes
and
.
Taking the products over all primes of both sides gives
But according to [4] C is Artin's constant C Artin = 0.3739558136 · · · (sequence A005596 in On-line Encyclopedia of Integer Sequences).
Connections of S(3, p) with functions involving primes
Pursuing the same line of thought as before but solving S(3, p) = (p(p − 1)) 2 for p instead of for p(p − 1), we have
This value of a prime in terms of S(3, p) can now be substituted in functions involving the set of primes or its subsets. An immediate example at hand is Riemann's Zeta function
Inserting for p its expression in terms of S(3, p), we get
Clearly, above procedure can be applied to other functions resp. conjectures whose analytical expressions involve primes.
Note. What we said in the last two sections are in no way to be interpreted as meaning that our statements are of value for theoretical or computational purposes in the theory of prime numbers. This is an open question pending decision, if at all. In the meantime we would say that these statements just exemplify Henri Poincarés dictum "Mathematics is the art of giving the same name to different things" (La Science et L'hypothèse, 1902).
